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We investigate the role of the effective range on the bulk viscosity of s- and p-wave Fermi gases.
At resonance, the presence of the effective range breaks the scale invariance of the system, and hence
results in a non-zero bulk viscosity. However, we show that the effective range plays a very different
role in the two cases. In the s-wave case, the role of the effective range is perturbative, and its
contribution to the bulk viscosity vanishes in the limit of zero effective range. On the other hand,
the effective range in p-wave Fermi gases leads to a non-zero bulk viscosity, even in the zero-range
limit. We setup the general diagrammatic approach to compute the bulk viscosity spectral function
that includes the effects of the effective range. We then compute the analytic expressions for the
spectral function in the high temperature limit, at low- and high-frequencies. We also derive the
sume rules for the bulk viscosity spectral function for both s- and p-wave gases.
Introduction– One of the most unique features of ultra-
cold atomic gases is their universality [1]. At low energies,
the details of the short-range inter-atomic potential are
irrelevant, and only a few low-energy scattering parame-
ters are needed to describe the low-energy properties of
the system [2, 3]. In the case of s-wave interactions, it
is known that the scattering length, a0, is the only rel-
evant low-energy parameter for the so-called broad Fes-
hbach resonance [4]. At resonance, when a0 = ±∞, the
system acquires scale symmetry, which imposes severe
constraints on the thermodynamic [5, 6], and transport
properties of the system, the most amazing of which is
the vanishing of the bulk viscosity [7–10].
In real systems, however, a non-zero effective range
always exists which breaks the scale symmetry of the
system at resonance. The thermodynamic and transport
properties of the system will then depend on the effective
range. To be specific, let δ`(k) be the phase shift for
two colliding particles with relative wave number, k, and
angular momentum, `, then [11]:
k2`+1 cot δ`(k) = − 1
a`
−R`k2 + · · · (1)
We will refer to a` as the scattering length, and R` as
the effective range, noting that for p-wave scattering, a1
has dimension of volume and R1 has dimension of wave
number. In actual experiments, a Feshbach resonance
allows one to tune the scattering length, a`, while the
effective range, R` is approximately a constant. For any
given system, the effective range, R`, will be determined
by the range of the inter-atomic interaction, r0. As a
result, Eq. (1) is only valid at low-energies k  r−10 .
For s-wave, this means that k  R−10 while for p-wave,
k  R1.
To see the effects of the effective range, let us con-
sider, for example, the binding energy of the two-body
bound state, Eb, close to threshold, when R` is small.
In the s-wave case, Eb = −(~2/m)(1/a20 − 2R0/a30) and
tends to the universal result −~2/(ma20) when R0 → 0;
the effect of R0 is perturbative. On the other hand,
for the p-wave case [12, 13], the existence of the shal-
low bound state depends crucially on the effective range:
Eb = −~2/(ma1R1). It is thus impossible to set R1 = 0
while maintaining a finite bound state energy. The
role of the effective range on the energetic properties of
the many-body system have been discussed for both s-
wave [14–19], and p-wave cases [24–28].
In this Letter, we discuss the role of the effective range
in the transport properties of both s- and p-wave Fermi
gases, and compare the role of the effective range in these
two cases. To this end, we calculate the bulk viscosity
spectral function in the high temperature limit, and in-
vestigate how it depends on the effective range, partic-
ularly at resonance, i.e. when the scattering length is
infinite: a−1` = 0. In this limit, the viscosity spectral
functions does not depend on a`, and the role of the ef-
fective range is most transparent. If the effective range
is an irrelevant quantity in the low-energy limit, scale in-
variance will be restored when one sets R` to zero. As
a result, the bulk viscosity will necessarily vanish. How-
ever, if the effective range is relevant in the low-energy
limit, it will be impossible to truly set the effective range
to zero; the scale symmetry will then remain broken, and
there will be a finite bulk viscosity.
General setup– To describe both the resonant s- and p-
wave Fermi gases in a unified scheme, we use the following
two-channel Hamiltonian describing a system of fermions
with spin σ, and 2`+ 1 molecules interacting via the `-th
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2partial wave channel (we set m = ~ = 1):
Ĥ` =
∑
k
(
k2
2
− µ
)
ψ†σ(k)ψσ(k)
+
∑
Q
∑`
m=−`
(
Q2
4
+ ν − 2µ
)
d†m(Q)dm(Q)
+ g
∑`
m=−`
∑
Q,k
√
4pi
V
k`
[
Y`,m(kˆ)d
†
m(Q)ψσ
(
Q
2
+ k
)
ψσ¯
(
Q
2
− k
)
+ h.c.
]
.
(2)
ψσ(k) is the field operator for the fermions with spin
σ while dm(Q) is the field operator for the molecules
with an azimuthal quantum number, m. V is the volume
of the system, ν is the detuning of the molecular field,
and g is the fermion-molecular coupling. We also let
µ be the chemical potential, and Y`,m(kˆ) is simply the
(`,m)-spherical harmonic function. It is important to
note that for s-wave interactions we assume the fermions
are spinful: σ = −σ¯ = 1/2, while they are spinless
for the p-wave interactions σ = σ¯. Here we have as-
sumed that the scattering potential is isotropic in space,
and the coupling constants ν and g are independent of
the azimuthal quantum number, m. By examining the
two-body scattering of this model and comparing it to
Eq. (1), the bare coupling constants ν and g can be re-
lated to the low-energy scattering parameters in the ef-
fective range expansion. For the s-wave case, we have
1/(4pia0) = Λ/(2pi
2) − ν/g2 and R0 = 4pi/g2, while for
p-wave interactions: 1/(2pia1) = Λ
3/(3pi2) − ν/g2 and
R1/2pi = Λ/pi
2 + 1/g2, where Λ is an ultraviolet cut-
off. The two-channel formulation has been successful in
describing various thermodynamic properties of both s-
wave [1, 14] and p-wave gases [24, 28, 29].
Bulk viscosity with finite effective range– With the the-
ory renormalized, we can now proceed to investigate the
bulk viscosity for both the s- and p-wave gas. Using
Kubo’s formalism, the bulk viscosity is defined via the
retarded correlation function of the stress-energy ten-
sor [8, 10]:
ζ(ω) =
Im
[
χR(ω)
]
9ω
, (3)
χR(ω) = i
∫ ∞
0
dt e−iωt
〈[
Π̂(t), Π̂(0)
]〉
, (4)
where the brackets denote the thermal average at tem-
perature T = 1/β, and 〈Π̂(t)〉 = 3p(t)V is the trace of the
stress-energy tensor at time t, and p(t) is the pressure op-
erator. As discussed in a recent work [30], this formula,
as it stands, requires modification since it neglects the
contributions to the bulk viscosity from pressure fluctu-
ations. However, in the regimes of interest to us here, we
= +
a)
b) c)
FIG. 1. Diagrammatic calculation for contact-contact cor-
relation functions. (a) The full molecular propagator (solid
double line) is given by the bare molecular propagator (dashed
double line) dressed by fermionic pair propagation (single
solid line). (b) The diagram for the scattering amplitude of
two fermions. (c) The diagram for the calculation of bulk vis-
cosity. Each vertex (red) represents an insertion of a contact
operator Ĉa` or ĈR` , see Eqs. (8-10).
obtain the same results using Eqs. (3, 4). By employing
a scaling analysis, one can show that [31]:
Π̂(t) = 2Ĥ` +
(2`+ 1)Ĉa`(t)
a`
+ (2`− 1)ĈR`(t)R`. (5)
Here we have defined two thermodynamic contact op-
erators as the derivatives of the Hamiltonian with re-
spect to the scattering length and the effective range:
Ĉa` = −∂Ĥ/∂a−1` and ĈR`(t) = −∂Ĥ/∂R`. Explicitly,
they are given by:
Ĉa`(t) =
∑`
m=−`
g2
4piA`
∫
dRd†m(R, t)dm(R, t) (6)
ĈR`(t) =
∑`
m=−`
g2
4piA`
∫
dRd†m(R, t)
(
i∂t +
∇2
4
)
dm(R, t),
(7)
where A` = 1 − δ`,1/2, is a symmetry factor that repre-
sents the indistinguishable nature of the spinless fermions
considered when ` = 1. The thermodynamic contacts
represent the change in the energy with respect to the
scattering length, a`, and the effective range, R`, respec-
tively [20–23]. We note that in order to obtain the current
form of ĈR` , we have integrated out the fermionic degrees
of freedom using the Heisenberg equation of motion for
the molecular field.
After substituting Eq. (5) into Eq. (4), one can see
that the calculation of the bulk viscosity reduces to the
evaluation of three retarded correlators [32]:
χRa,a(ω) = i
(2`+ 1)2
a2`
∫ ∞
0
dte−iωt〈[Ĉa`(t), Ĉa(0)]〉 (8)
χRa,R(ω) = i
(2`− 1)(2`+ 1)R`
a`
∫ ∞
0
dte−iωt〈[Ĉa`(t), ĈR`(0)]〉
(9)
χRR,R(ω) = i(2`− 1)2R2`
∫ ∞
0
dte−iωt〈[ĈR`(t), ĈR`(0)]〉.
(10)
3It is possible to evaluate the correlation functions Eqs. (8-
10) diagrammatically as depicted in Fig. 1. Here the
molecular propagator is dressed by the process of disso-
ciation and association of two fermions. In Matsubara
space, followed by the standard analytic continuation,
one can then show that the bulk viscosity in the normal
phase is explicitly given by ζ`(ω) = ζa,a(ω) + 2ζa,R(ω) +
ζR,R(ω) with:
ζa,a(ω) =
(2`+ 1)2
9a2`V
∑
m,Q
∫ ∞
−∞
dx
pi
Im
[
g2D(Q, x+ iδ)
4piA`
]
Im
[
g2D(Q, x+ ω + iδ)
4piA`
]
f(x, ω) (11)
ζa,R(ω) =
(2`− 1)(2`+ 1)R`
9a`V
∑
m,Q
∫ ∞
−∞
dx
pi
Im
[
g2D(Q, x+ iδ)
4piAl
]
Im
[
g2D(Q, x+ ω + iδ)
4piAl
]
f(x, ω)
(
x− Q
2
4
+ 2µ+
ω
2
)
(12)
ζR,R(ω) =
(2`− 1)2R2`
9V
∑
m,Q
∫ ∞
−∞
dx
pi
Im
[
g2D(Q, x+ iδ)
4piA`
]
Im
[
g2D(Q, x+ ω + iδ)
4piA`
]
f(x, ω)
(
x− Q
2
4
+ 2µ+
ω
2
)2
,
(13)
where f(x, ω) = ω−1[nB(x) − nB(x + ω)] and nB(x) =
[exp(βx)−1]−1 is the Bose-Einstein distribution function.
D(Q, x) is the molecular propagator with momentum Q
and frequency x, evaluated in the presence of a thermal
fermionic background [27]. Eqs. (11-13) provide the gen-
eral expressions for the bulk viscosity for both s- and
p-wave Fermi gases while including the effective range
[33].
In the high temperature limit, it is possible to neglect
the presence of the thermal fermionic background, and
use the two-body results. In this limit, Eq. (11) for s-
wave interactions is consistent with the results obtained
in Refs. [34–36]. A similar expression was also obtained
in [37] for one-dimensional Fermi gases with three-body
s-wave interactions. In addition to this term, the pres-
ence of the effective range has generated two additional
contributions to the bulk viscosity. We now examine how
these additional terms modify the bulk viscosity spectral
function.
At high frequencies, the bulk viscosity spectral func-
tion exhibits power law tails, while the magnitude of the
tail is proportional to the contacts. In practice, the high
frequency limit is determined by setting the frequency
much larger than the bound state energy: ω  a−20 for
s-wave and ω  1/(a1R1) for p-wave, but much smaller
than the scale set by the effective range: ω  R−20 for
s-wave interactions and ω  R21 for p-wave interactions.
For frequencies larger than the scale set by the effec-
tive range, our effective field theory is inapplicable, as
mentioned previously. Evaluating Eqs. (11-13) at high-
frequencies, and in the high temperature limit, yields the
following divergent terms:
ζd0 (ω) ≈
√
ωR20
36V
[
Ca0
(
1− 1
a20ω
− 4
a0R0ω
)
+
CR0
ω
]
,
(14)
ζd1 (ω) ≈
√
ω
36V
[
Ca1
(
1 +
10
a1R1ω
)
+
7CR1
2ω
]
, (15)
for s-wave (ζd0 ), and p-wave (ζ
d
1 ) respectively. Eqs. (14,
15) represent the divergent high-frequency terms that en-
ter the viscosity sum rule (discussed below), and arise
solely from the contributions due to the effective range,
ζR,R(ω) and ζa,R(ω). This is one of the main results of
this work.
Upon examining Eqs. (14, 15), it is possible to under-
stand the relevancy of the effective range in the s- and
p-wave cases. In the case of s-wave interactions, it is pos-
sible to set the effective range R0 → 0 while still being
consistent with the requirement: ω  R−20 . Since the
divergent term ζd0 (ω) is proportional to R
2
0, the high fre-
quency tails simply vanish when R0 → 0. From Eq. (11),
one reproduces the standard result that:
ζ0(ω,R0 → 0) = 1
9a2
1
ω3/2
Ca
V
. (16)
This expression is equivalent to the single channel
model results obtained previously [10, 34–36]. This result
reinforces the common procedure of taking the zero-range
limit for s-wave interactions. In the limit of a small, but
finite, effective range, R0, the correction to the zero-range
bulk viscosity is perturbative in nature, and can be ig-
nored. On the other hand, the role of the effective range,
R0, is most apparent at unitarity, when a0 → ±∞. In
this limit, the presence of the effective range breaks the
scale invariance of the unitary Fermi gas, and leads to
a finite bulk viscosity. The bulk viscosity will entirely
4be due to ζR,R(ω) in Eq. (13), and yields the following
divergent term:
ζd0 (ω, a0 → ±∞) =
R20Ca0
36V
√
ω. (17)
At resonance, the leading term in the contact Ca0 is a
constant, independent of R0, and therefore ζ
d
0 (ω, a0 →
±∞) ∝ R20.
In the case of p-wave interactions, it is clear that we
cannot take the zero-range limit, R1 → 0, while main-
taining the high frequency regime: 1/(a1R1) ω  R21.
In practice, R1 is finite, and a well-defined high frequency
limit can always be achieved close to resonance. For in-
stance, 40K has R1 ≈ 25kF , which yields a low-energy
window: 0  ω  600F . In this regime, the high
frequency tails of ζ1(ω) will certainly be relevant in ac-
tual experiments. At high-frequencies, one finds the same√
ω-dependence, as in the s-wave case, with a coefficient
proportional to Ca1 :
ζd1 (ω, a1 → ±∞) =
Ca1
36V
√
ω, (18)
where the contact Ca1 ∝ R−11 , and so ζd1 (ω, a1 → ±∞) ∝
R−11 . This expression is divergent in the zero-range limit,
when R1 → 0, in contradistinction to the s-wave case. As
in the s-wave case, the presence of the p-wave effective
range breaks the scaling symmetry of the system, and
results in a non-zero bulk viscosity. However, its effect is
dominant in the zero-range limit for the p-wave case.
The importance of the effective range can also be seen
in the low-frequency limit. Here we report the bulk
viscosities strictly at resonance when a−1` = 0. The
relevant high temperature limit for the s-wave case is
given by: 1/a20  kBT  R−20 , and for p-wave case:
1/(a1R1)  kBT  R21. One can again see that in the
s-wave case, the high temperature limit can be safely
taken in the zero range limit, while it is impossible for
the p-wave case. From Eqs. (11-13), one obtains:
ζ0(ω → 0) ≈ 2
5/2z2
9
R20
λ5T
∝ T 5/2R20, (19)
ζ1(ω → 0) ≈ 2
5/2z2
3
1
R21λ
5
T
∝ T
5/2
R21
, (20)
where z = exp(βµ) is the fugacity, and λT =
√
2piβ is the
thermal wave-length [38]. Although Eqs. (19, 20) look
similar, we note that due to the physical requirement of
low energies, the effective range have opposite roles in
the s- and p-wave case. When one takes the zero range
limit, the bulk viscosity is vanishingly small for s-wave
gases, but diverges for p-wave gases.
Sum rules for bulk viscosity spectral function.– Finally,
we report the sum rules for the bulk viscosity spectral
function. As noted from Eqs. (14, 15), the spectral func-
tion is divergent. In order to have a well defined sum rule,
it is necessary to remove these divergent pieces, which we
have labeled as: ζd` (ω). Once that is done, it is possible
to use the Kramers-Kronig relations to show that ζ`(ω)
satisfies the following sum rules:
∫ ∞
−∞
dω
pi
(
ζ`(ω)− ζd` (ω)
)
= − 1
9V
[
(2`+ 1)2
∂Ca`
∂a`
+
∂CR`
∂R−1`
+(2`− 1)(2`+ 1)
(
1
a`R`
∂Ca`
∂R−1`
+ a`R`
∂CR`
∂a`
)]
. (21)
This relation generalizes the already well-known sum rule
for the s-wave Fermi gases derived in Ref. [10, 34–36]
to include the presence of the effective range, as well as
being applicable for p-wave gases.
Conclusions– In this work we illustrated how the bulk
viscosity spectral function depends on the effective range
for both s- and p-wave Fermi gases. We focused on the
case of resonantly interacting Fermi gases in the high-
temperature limit, where the effects of the effective-range
are most transparent. We show that the presence of the
effective range introduces a second thermodynamic con-
tact, and as a result, new terms to the bulk viscosity. For
s-wave Fermi gases, the effective range is an irrelevant
parameter; the low-energy and zero-range limits can be
simultaneously taken. The bulk viscosity will then van-
ish alongside the effective range at resonance. While for
p-wave gases the situation is different, the effective range
is a relevant parameter; the low-energy and zero-range
limits can not be simultaneously taken. Therefore, even
at resonance, the presence of the effective range will lead
to a finite bulk viscosity. This work clearly reinforces the
traditional prescription of taking the zero-range limit for
s-wave gases, for both the energetics and transport dy-
namics, and shows how the p-wave gas is fundamentally
different.
In principle, one could extend this calculation to gases
interacting via higher partial waves, and to arbitrary or-
der in the effective range expansion. However, the cal-
culation becomes increasingly complex, as one needs to
consider the correlations between the different contact
operators. A simple scaling analysis shows that for a
given partial wave, `, the first ` + 1 terms in the effec-
tive range expansion are relevant; with the higher order
terms irrelevant. This scaling analysis is consistent with
the results obtained in this Letter.
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